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Abstract
We give the necessary and sufficient condition of the trace function f (A,B) = Tr(ApBq)
is jointly convex in (A,B).
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1. Introduction
We are concerned with the joint convexity and concavity of some trace functions.
Let H be a finite dimensional Hilbert space,B(H) be the space of all bounded linear
operators from H to H , PH be the set of all positive operators in B(H), P+H be the
set of all strictly positive operators in B(H). Let f (A,B) be a real valued function
defined on B(H) ×B(H), we say f (A,B) is jointly convex in (A,B), if
f (λA1 + (1 − λ)A2, λB1 + (1 − λ)B2)  λf (A1, B1) + (1 − λ)f (A2, B2)
for all Ai , Bi in B(H) (i = 1, 2) and λ in [0, 1]. Say f (A,B) is jointly concave if
−f (A,B) is jointly convex in (A,B). Lieb [5] proved if p and q are given posit-
ive real numbers with p + q  1, then f (A,B) = Tr(ApBq) is jointly concave in
(A,B) ∈ PH ×PH and if −1  p < 0, −1  q < 0, then f (A,B) = Tr(ApBq)
E-mail address: bek@xju.edu.cn
0024-3795/$ - see front matter  2004 Elsevier Inc. All rights reserved.
doi:10.1016/j.laa.2004.05.002
322 T.N. Bekjan / Linear Algebra and its Applications 390 (2004) 321–327
is jointly convex in (A,B) ∈ P+H ×P+H . We will prove if −1  p < 0, 1  q  2,
1  p + q  2 or −1  q < 0, 1  p  2, 1  p + q  2, then f (A,B) =
Tr(ApBq) is jointly convex in (A,B) ∈ P+H ×P+H . Carlen and Lieb [2] proved the
following trace function on n-tuples of positive operators:
p(A1, A2, . . . , An) = Tr


(
n∑
j=1
A
p
j
) 1
p

 , (1)
when 0  p  1 is jointly concave, when p > 2 is neither jointly convex nor con-
cave and conjecture that p when 1  p  2 is jointly convex. We will prove p
when −1  p < 0 is jointly concave, when p < −1 is neither convex nor concave.
2. The main results
Lemma 1. If 0 < p  1 then f (A,B) = Tr(((A−p + B−p))− 1p ) is jointly con-
cave in (A,B) ∈ P+H ×P+H .
Proof. Let A,B ∈ P+H , we consider the Hilbert space H1 = H ⊕ H and define
A =
(
A 0
0 B
)
and σ =
(
0 I
I 0
)
,
where I is unit operator on H . ThenA ∈ PH1 , σ ∈ B(H1),
A−p + σA−pσ =
(
A−p + B−p 0
0 A−p + B−p
)
and f (A,B) = 12 Tr
(
(A−p + σA−pσ)− 1p ). We define
g(A) = Tr((A−p + σA−pσ)− 1p ), ∀A ∈ B(H1).
If ImA > 0, by Lemma 1 in [3], for 0 < p  1 have
ImAp > 0 and − Im e−ipAp > 0.
Hence,
−ImA−p > 0, Im eipA−p > 0
and
−Im(A−p + σA−pσ) > 0, Im eip(A−p + σA−pσ) > 0.
Then
Im(A−p + σA−pσ)−1 > 0, −Im e−ip(A−p + σA−pσ)−1 > 0,
i.e.
Im(A−p + σA−pσ)−1 > 0, Im ei(1−p)(A−p + σA−pσ)−1 > 0.
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Which implies that sp((A−p + σA−pσ)−1) is contained in the angle{
z = ρ eiθ : ρ > 0, 0 < θ < p}.
Hence,
sp
(
(A−p + σA−pσ)− 1p )⊂ {z = ρ eiθ : ρ > 0, 0 < θ < }
⊂ {z ∈ C, Im z > 0}.
Now we use the Epstein’s method (see [3,4]). LetA1,A2 ∈ P+H1 be fixed elements
and τ = ‖A1‖‖A−12 ‖. Denote
F(z) = Tr(((A2 + zA1)−p + σ(A2 + zA1)−pσ )− 1p ),
G(z) = Tr(((A1 + zA2)−p + σ(A1 + zA2)−pσ )− 1p ), for z ∈ C.
G(z) is well defined and analytic when Im z /= 0 or Re z > τ , F(z) is well defined
and analytic when |z| < τ−1. It is clear that G(z) = zF (z−1) and G(z) is a Hertolz
function, i.e. Im G(z) has the sign of Im z. Using the method used in proof of Lemma
3 in [3], we find that for real t with |t | < τ−1 have
d2mF(t)
dt2m
 0 for all integer m  1.
In particular the function g(A) = Tr((A−p + σA−pσ)− 1p ) is concave on P+H1 .
This concludes f (A,B) = Tr(((A−p + B−p))− 1p ) is jointly concave in (A,B) ∈
P+H ×P+H . 
Lemma 2. If 0 < p  1, then Tr(A−pB1+p) is jointly convex in (A,B) ∈ P+H ×
P+H .
Proof. Define f (A,B) = Tr(((A−p + B−p))− 1p ) on P+H ×P+H . By Lemma 1,
f (A,B) is jointly concave in (A,B) ∈ P+H ×P+H . Let 0 < λ < 1, A = λA1 +
(1 − λ)A2, B = λB1 + (1 − λ)B2, t > 0. Then
f (A, tB) = Tr(((A−p + t−pB−p))− 1p )
 λ Tr
((
(A
−p
1 + t−pB−p1 )
)− 1
p
)
+ (1 − λ) Tr(((A−p2 + t−pB−p2 ))− 1p )
= λf (A1, tB1) + (1 − λ)f (A2, tB2).
Hence,
lim
t→+∞ t
pp
[
f (A, tB) − λf (A1, tB1) − (1 − λ)f (A2, tB2)
]
 0. (2)
On the other hand
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f (A, tB) = Tr A − t
−p
p
Tr(A1+pB−p) + o(t−2p),
f (Ai, tBi) = Tr Ai − t
−p
p
Tr(A1+pi B
−p
i ) + o(t−2p), i = 1, 2.
Then (2) gives
lim
t→+∞ pt
p
[
− t
−p
p
Tr(A1+pB−p) + λt
−p
p
Tr(A1+p1 B
−p
1 )
+ (1 − λ) t
−p
p
Tr(A1+p2 B
−p
2 ) + o(t−2p)
]
 0.
Thus,
Tr(A1+pB−p)  λ Tr(A1+p1 B
−p
1 ) + (1 − λ) Tr(A1+p2 B−p2 ),
i.e. Tr(A−pB1+p) is jointly convex in (A,B) ∈ P+H ×P+H . 
Theorem 1. Let 0 < p  1, 1  q  2, 1  q − p, then f (A,B) = Tr(A−pBq)
is jointly convex in (A,B) ∈ P+H ×P+H .
Proof. If 1  q − p then 0 < p
q−1  1 and the map A → A
p
q−1 is operator concave
on PH , then (λA1 + (1 − λ)A2)
p
q−1  λA
p
q−1
1 + (1 − λ)A
p
q−1
2 for all A1, A2 ∈ P+H
(see [1]). By −1  1 − q < 0, we have the map A → A1−q is operator monotone
non-increasing on P+H (see [1]). Hence,[
(λA1 + (1 − λ)A2)
p
q−1
]1−q

[
λA
p
q−1
1 + (1 − λ)A
p
q−1
2
]1−q
and
f (λA1 + (1 − λ)A2, λB1 + (1 − λ)B2)
= Tr((λA1 + (1 − λ)A2)−p(λB1 + (1 − λ)B2)q)
 Tr
([(
λA
p
q−1
1 + (1 − λ)A2
) p
q−1 ]1−q
(λB1 + (1 − λ)B2)q
)
. (3)
Lemma 2 gives Tr A1−qB1+(q−1) is jointly convex in (A,B) ∈ P+H ×P+H . We use
this to (3) obtain that
f (λA1 + (1 − λ)A2, λB1 + (1 − λ)B2)
 λ Tr(A−p1 B
q
1 ) + (1 − λ) Tr(A−p2 Bq2 )
= λf (A1, B1) + (1 − λ)f (A2, B2),
i.e. f (A,B) = Tr(A−pBq) is jointly convex in (A,B) ∈ P+H ×P+H . 
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Theorem 2. Let f (A,B) = Tr ApBq, (A,B) ∈ P+H ×P+H .
(i) If 0 < p < 1, 0 < q < 1, p + q  1, then f (A,B) is jointly concave in (A,B).
(ii) If −1  p < 0, −1  q < 0 or −1  p < 0, 1  q  2, p + q  1 or −1 
q < 0, 1  p  2, p + q  1, then f (A,B) is jointly convex in (A,B).
(iii) If p, q do not satisfy the condition (i) or (ii), then f (A,B) is neither jointly
convex nor concave in (A,B).
Proof. Corollary 2.1, Theorem 8 in [5] and Theorem 1 give (i) and (ii).
(iii) Let f (A,B) be jointly convex or concave in (A,B) ∈ P+H ×P+H , then for all
K in B(H), g(A) = Tr(K∗ApK) is jointly convex or concave in A ∈ P+H . Hence,
G(A) = Ap is operator convex or operator concave, then −1  p < 0 or 1  p  2
or 0 < p < 1 (see [1]). Similarly, −1  q < 0 or 1  q  2 or 0 < q < 1. If p, q
do not satisfy the condition (i) or (ii), then f (x, y) = xpyq is not jointly convex in
(x, y) ∈ R+ × R+. 
Theorem 3. If 0 < p  1 then we have
(i)
−p(A1, A2, . . . , An) = Tr


(
n∑
j=1
A
−p
j
)− 1
p


is jointly concave in (A1, A2, . . . , An) ∈ P+H ×P+H × · · · ×P+H .
(ii)
φp(A1, A2, . . . , An) = Tr

( n∑
j=1
A
−p
j
) 1
p


is jointly convex in (A1, A2, . . . , An) ∈ P+H ×P+H × · · · ×P+H .
(iii)
ψp(A1, A2, . . . , An) = Tr


(
n∑
j=1
A
p
j
)− 1
p


is jointly convex in (A1, A2, . . . , An) ∈ P+H ×P+H × · · · ×P+H .
Proof. (i) If n = 2, by Lemma 1, it follows that −p(A1, A2) is jointly concave in
(A1, A2) ∈ P+H ×P+H . One now easily iterates this procedure to obtain the result
for all dyadic powers n = 2k , and hence for all n.
(ii) If 1 < q < ∞, 0 < p  1 then Tr Aq is increasing and convex function, A−p
is operator convex function. This gives
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φp
(
λA1 + (1 − λ)B1, λA2 + (1 − λ)B2, . . . , λAn + (1 − λ)Bn
)
= Tr

( n∑
j=1
(λAj + (1 − λ)Bj )−p
) 1
p


 Tr
(
n∑
j=1
(λA
−p
j + (1 − λ)B−pj )
1
p
)
 λ Tr

( n∑
j=1
A
−p
j
) 1
p

+ (1 − λ) Tr

( n∑
j=1
B
−p
j
) 1
p


 λφp(A1, A2, . . . , An) + (1 − λ)φp(B1, B2, . . . , Bn).
(iii) If 1 < q < ∞, 0 < p  1 then Tr A−q is decreasing and convex function,
Ap is operator concave function. This gives
ψp
(
λA1 + (1 − λ)B1, λA2 + (1 − λ)B2, . . . , λAn + (1 − λ)Bn
)
= Tr


(
n∑
j=1
(λAj + (1 − λ)Bj )p
)− 1
p


 Tr
(
n∑
j=1
(λA
p
j + (1 − λ)Bpj )−
1
p
)
 λ Tr


(
n∑
j=1
A
p
j
)− 1
p

+ (1 − λ) Tr


(
n∑
j=1
B
p
j
)− 1
p


 λψp(A1, A2, . . . , An) + (1 − λ)ψp(B1, B2, . . . , Bn). 
Remark. −p(A1, A2, . . . , An) = Tr
((∑n
j=1 A
−p
j
)− 1
p
)
is neither jointly convex
nor concave for 1 < p < ∞.
To see this, consider the case n = 2.
−p(A1, tA2) = Tr
(
(A
−p
1 + t−pA−p2 )−
1
p
)
= Tr A1 − t
−p
p
Tr(A1+p1 A
−p
2 ) + o(t−2p).
If −p(A1, A2) is jointly convex or convex, then Tr(A1+p1 A−p2 ) is jointly concave
or convex, this gives Tr(K∗A−pK) is concave or convex for all K ∈ B(H). Then
f (A) = A−p is operator convex or concave. But f (A) = A−p is neither operator
concave nor operator convex for 1 < p < ∞.
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